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Abstract

This project explores the BRST formalism, developed by Carlo Becchi, Alain Rouet, Raymond Stora,
and Igor Tyutin, with the aim of applying it to String Theory. In Section 1, we examine the mathematical
challenges inherent in theories with gauge symmetry and address these challenges using the Faddeev-
Popov method. Building on this, we introduce the BRST formalism, a powerful approach to quantizing
theories with gauge symmetry. In Section 2, we provide an example of the BRST formalism in action by
applying it to a relativistic point particle.
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1. BRST in String Theory

BRST in String Theory

The BRST (Becchi-Rouet-Stora-Tyutin) quantization procedure is a technique used to quantize classical
fields with gauge symmetry. Gauge symmetries in field theories present unique challenges, as prop-
agators are not well-defined unless the theory is gauge fixed [1]. Additionally, gauge theories contain
non-physical degrees of freedom, which can be problematic in the path integral formulation of quan-
tum field theory.

To address these issues, the Faddeev-Popov method is employed. This method not only imposes
gauge fixing on the theory but also mitigates the effects of non-physical degrees of freedom by introduc-
ing ghost fields. The result is an effective Lagrangian that includes both a gauge-fixing term and a term
with ghost particles.

The BRST quantization process can then be applied to this effective Lagrangian. By leveraging the
symmetries of the Lagrangian, the BRST procedure produces a conserved charge, which acts as a pow-
erful tool to partition the Hilbert space of states. into physical and non-physical states.

1.1 Faddeev-Popov Method

In this section, we will provide a sketch of the Faddeev-Popov method [2].

Suppose we fix a particular set of reference fields {X!} such that each X/ is distinct from every
other field X}' with j # i in the sense that there is no gauge transformation connecting X;" to X/'. Now,
for any arbitrary field X* in the space of all field configurations, we may find a particular X! along
with a gauge transformation U, such that acting the gauge transformation on X* will get us back to X}".
Schematically we can then write a path integral as

/ D[XH]e™s ~ / DX / DU (1)

where in the measure on the right we integrate over all fields including, those related by gauge trans-
formations; on the left we only integrate over the reference fields in the set { X/} and then separately
integrate over the gauge transformations. The issue at hand is that there are infinitely many gauge
transformations U and thus the integral over these transformations will yield infinite contributions to
our path integrals.

To circumvent this issue, one can attempt to factor out the integration of the fields that are related by
a gauge transformation. This can be achieved by using the Faddeev-Popov method. Which in summary,
does exactly this and factors out the over-integration by introducing a gauge fixing term and simultane-
ously introducing ghost fields into the original Lagrangian; a path integral will now take the following
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form

Zoc/D[X#,c,b7B]exp{/d4x($+fcp—i—fg)} ()

where .Z is the original Lagrangian with the gauge symmetry while ¢ and b are Grassman ghost fields
and B is a Bosonic ghost field. The .Z;r term arises from explicitly fixing a gauge and the Z¢ term
contains the ghost fields. Together the three terms form an effective Lagrangian which we shall refer to
as the BRST Lagrangian, i.e.

LBrsT =L + ZLar + % 3)

1.2 The BRST Transformation

In this section, we will develop the formalism used in the BRST quantization technique in a general
manner. In section 2, we will apply the formalism to a specific example: the point particle.

Let us begin by considering a set of fields {¢;(o)} that would generically make up a path integral in
String Theory. For example, the ¢;(o) fields could be composed of the target space coordinates X*(o)
and the metric gog(0). In our generic path integral, we will find a Lagrangian .. Now we will suppose
that .Z has embedded within it some gauge symmetry of the form

w*(0)da 4)

where the w parameter is real and the « index may be discrete or continuous. We will find that the gauge
transformations will form an algebra with commutation relations of the form

00, 0] = fapdy ©)

where f] ; are the structure constants of the algebra.
The gauge symmetry in % will allow us to impose a gauge fixing condition, which will be denoted
here as

F(¢) =0 (6)

where the index a specifies the particular components of the gauge fixing condition. For example, in
Quantum Electrodynamics we could have A* for ¢ and under the Lorenz gauge, F’ would just be J,, A*
(the a index would be superfluous here).

With this in mind, we can make use of the Faddeev-Poppov method to introduce two Grassman
(anti-commuting) ghost fields b and ¢ and a Bosonic (commuting) ghost field to eat the non-physical
degrees of freedom; we can then write down a new effective Lagrangian for our theory, which as men-
tioned in eq. (3) will take the form

LBrsT = L + ZLar + L )
The gauge fixing Lagrangian .Zr will be of the form
ZLar = —iB.F(¢) (8)

where the B is the Bosonic field and is related to the particular choice of gauge. The ghost Lagrangian
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Z¢ will be of the following form
Lo = bac*5aF*(¢) ©)

1.3 Symmetries of the BRST Lagrangian

The BRST Lagrangian constructed above possesses an important symmetry. In particular, we will find
that 65(LsrsT) = 0 where 0 is the BRST variation; 65 acts on the fields as follows

5B¢i = 7Z'€Ca5a¢i (10&)

0B, =0 (10b)

dpb, = €B, (10c)
)

ogc® = € gvcﬁc“’ (10d)

where ¢ is a real parameter and ¢p is a variation which defines the transformations in eq. (10) and are
known collectively as the BRST transformation.

Here we show that d5(Zsrs7) = 0 explicitly. First note that the original Lagrangian . is invariant
separately from the Z;r and .% Lagrangians. To see this, we act the BRST variation on .Z to get

0p(L) =B (L [bi]) (11a)
5.
=500 (11b)
_ ‘;‘f (—iec® 5o ) (110)
5
= e 0, (11d)
C i (11e
~0 (116

the last line follows since .# is invariant under gauge symmetries of the form of eq. (4). Now the Zr
term transforms as follows

0 (ZLar) = 0B (—iB. F*) (12a)
= —i[6p (Ba) F'* + Badp (F)] (12b)
= —i[0+ B,dp (F%) (12¢)
= —iB,dp (F*) (12d)
=4m%g@@ (12¢)
= —iBa%(—iacaéaqbi) (12f)

SF*
= _EBaCa(SaqSiTm (12g)
= —£B, 5o F° (12h)
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The BRST variation on the .%; term is somewhat more involved, we will have to break this calculation
up to into a few steps.

05 (ZLc) = 0p (bac™0aF™) (13a)
=05 (ba) 00 F* + bybp (¢*) o F* + boc™dp (5o F) (13b)
= eBac®6a F* + by (i/26f5,¢°c") 60 F* + bac®6 (55 F*) (13¢)

The first term in eq. (13c) will immediately cancel the §p (-Zzr) contribution. The second term in
eq. (13c) can be rewritten as

ba ((1/2)ef5,c”c7) 6o F* = (i/2)baec’c f§ 6o F" (14a)
= (i/2)baec’c [05,6,] F° (14b)

where in eq. (14b) we made use of the commutation relations in eq. (5). The commutator can be simpli-
fied as follows

AP 85,0, = P60, — P c18,65 (15a)
= Pc556, — 1P és0, (15b)
= cPcV656, + P850, (15¢)
=2c77650, (15d)

where in eq. (15b) we just relabeled the v and  indices, while in eq. (15¢) we made use of the anti-
commuting nature of the c fields. Putting all of this together, the second term in eq. (13c) becomes

ba ((i/2)efg,c’c?) 6o F* = ibsec? V556, F* (16)

Lastly, the third term in eq. (13c) can also be simplified

bac®Sa (55 F) = bac®Sp (6, F®) (17a)
5

= baca@ (6o F) 65 () (17b)

= baca(% (52" (—icc®3551) (17¢)

= —igbaco‘cﬁ 0 : (0o F%) 5¢; (17d)

= —igbac®cP550,F® (17e)

So the second and third terms eq. (13c) cancel with each other. This then leaves the total variation on
Zprst as zero, which is what we wanted to prove.

1.4 The Conserved Charge and Physical States

We showed that the BRST Lagrangian is invariant under the BRST transformation, so by Noether’s
theorem we expect there to be a conserved charge. The conserved charge associated with the BRST
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transformation (denoted here as () ) will have some rather surprising properties. We will find that the
conserved charge actually partitions the Hilbert space of states into physical and non-physical states.

To understand how @  partitions the Hilbert space, we shall consider a small change § F' in the gauge
fixing condition, then we will find that an arbitrary correlator (f|i) composed of arbitrary states |i) and
|f) will vary as follows!

ed(f i) =el{f | i) prsr — (5] 0)F] (18a)
- c / DlQ]e™ 5 Ser (F+M)=Sa I+l (1| ¢>F} (18b)
=¢ /D[Q} exp{—/dT[.ﬂ—I—ch(F—i—éF) —|—.§fg(F+(5F)}} —{(f| z)F} (18¢c)

—. / Dle~S—Sar (F)=Sa(F) gy, {— / dr [—iBy (F™) + bac®s, (5F“)]} (] ¢>F} (18d)

= _ / D[Q)e=5~56r N =5¢(F) (1 — [—iB, (6F) + bac®da (6F)] + O(SF)?) — (4 | i)F} (18e)
=¢ / D[Q)e~ 37 5crF)=5c(F) ;B (§F) — byc®8 (6F®)] (18f)

where in eq. (18d) we used the linearity of Zzr and £ in their F' dependence, while in eq. (18e) we
expanded the exponential to first order. We can now rewrite the last two terms in eq. (18f) as follows.
Firstly, eq. (10c) implies that

opba = €B, (19a)
— iBu0F" =ic  (6gby)0F® (19b)

Now, the key step is to realize that £’ is a function of the fields ¢, this will allow us to use the chain rule
on the second term to get

6BOF* (¢i) =0 (65F* (¢i)) (20a)
SF°
=4 ( 5o 53@) (20b)
=6 (652; [—ieca6a¢i]> (20c)
=8 (—iec®5, F) (20d)
= —iec®§,0F° (20e)
= byc®0o(0F) = —ic b, (0F) (20f)

where in eq. (20c) we made use of eq. (10a). Gathering the results we have obtained for eq. (19) and
eq. (20), we can return to the calculation for £6(f | ) and obtain

6(fli) = e((fli)prsr — (fli)F) (21a)
=¢ / D[Q)e= 5= 56r =56 [je=1 (5 5b, ) F + ic™ b (§F)] (21b)

the measure D[Q] is a shorthand to integrate over all relevant fields in the path integral
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= / D[Q]e S 5er(F)=Sa(F) 5p (b, 5 F¢) (21c)
= i(f]0B (ba0 F*) |i) (21d)
= —e(f[{Q@B,ba0F"} i) (21e)

where in the last line we made use of the following d5(A) = ie{Q g, A} where Qg is the BRST conserved
current, this is true as we take the BRST variation to be a Hamiltonian vector field which is generated
by the conserved charge [3].

Now for physical states, any change in the gauge condition F' should leave the physical states un-
changed, this follows since F' is composed of the non-physical degrees of freedom in the theory. That is
to say for any two physical states [phys) and |[phys’) we must have that

(physlphys') . = (physlphys') ., s (22)
If this is the case, then we must have that for any change J F' in the gauge fixing
(phys| {QB, b0 F} [phys) =0 (23)
Now if we assume that @) 5 is Hermitian, then we get the following result
@5 |phys) = Qg |phys’) =0 (24)

for all physical states [phys) and |phys’).

So by exploiting the symmetry that arises in .#grst we find, rather unexpectedly, that the conserved
charge associated with the symmetry can be used as a powerful tool that allows us to distinguish be-
tween states that are physical and states that nonphysical. Neat!

The Conserved Charge is Nilpotent

The conserved charge has another important property: it is nilpotent, i.e. Q% = 0. To understand
how the nilpotency of the conserved charge arises, one should realize that the charge should remain
conserved at all times in order to move around the space of all gauge choices. Thus, the conserved
charge should commute with the change in Hamiltonian, this implies the following

0= [Qs,{QB,b.0F}] (25a)
= [@B, QBbudF* + Qpb o F] (25b)
= Q}baF* — QpbadF*Qp + Qb 0F"Qp — b6 FQF (25¢)
= [Q%, badF°] (25d)

and inorder for [Q%,b,6F*] to vanish for arbitrary variations in ¥, we must have that Q5 = 0.

1.5 Cohomology of the Conserved Charge

In the previous sections, we showed that the BSRT charge @) 5 has the following two properties
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1. @glphys) = 0 for all physical states [phys)

2. @p isnilpotent, i.e., QQB is zero as an operator

So for any state |x) in the Hilbert space 7, we must have the following

Qs(@slx)) =0 (26)

and thus Qp|x) is a physical state. Interestingly, @ z|x) is orthogonal to every physical state (including
itself).

(phys|(@5lx)) = ((phys|@p)|x) = 0 27)

where we have again assumed that () p is Hermitian. Let us refer to states of the form Qp|x) as exact
states. Now any two physical states that differ by an exact state, i.e.

lphys’) = |phys) + Qp|x) (28)

will have the same inner products with all other physical states in the Hilbert space (by the orthogonality
mentioned above). We can thus interpret any two physical states which differ by an exact state as
physically equivalent. The true physical space (call it C') is thus seen as the set of equivalence classes, i.e.

C={[]:ieT}
where [¢);] is the equivalence class defined as
[il ={19) : [6) = [¥i) + QBlx) : @Bl¥:) = 0}

The true physical space C is the cohomology of Q. The physical states are often referred to as closed
states (exact states are a subset of the closed states).
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2

BRST and the Relativistic Point Particle

In the previous section, we described how the BRST quantization technique can be applied to String
Theory in a general formalism. In this section, we shall explore a particular example as an application
of the BRST technique. We shall consider a relativistic point particle, which has the following einbein
action [4]
S = l/dT (6_1X2 + emz) (29)
2

where the e = e(7) field is the einbein and the Lagrangian for the point particle is

7= % (671X2 + em2) (30)

The action in eq. (29) is invariant under the following set of transformations

T 7(T) (31a)
XH s XH(F) = XH(T) (31b)
e é(T) = %6(7’) (31c)

The invariance of the action arises due to the Jacobian factor canceling with the factors that come along
with the X? and ¢é terms as we show here explicitly

§= % / 47 (é—lfﬂ + ém2> (32a)
~ —1 2

= %/drj{ {(Z@) <Z;) X2 4 (fl;e) mz} (32b)

_ % / dr (7 X2 4 em?) (32¢)

=S (32d)

So if we choose our coordinate transformation to take the following form

T(r)=71+07 (33)
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then the gauge symmetry of the einbein action is just the coordinate transformation ér. We can write
down a basis for these coordinate transformations as

07, T =0(T — ;) (34)

so that the variation only triggers when it is being applied at the same location as the coordinate on the
world-line. The basis of transformations will then act infinitesimally on the X and e fields as follows

07, XH (1) = =6(1 — 7)[0- X*(7)] (35a)
0r,e(1) = =0:[0(1 — 11)e(T)] (35b)

The structure constants mentioned in eq. (5) can be found by considering the following calculation

[07;, 01j] XH (1) = 0101, XM — o150 X* (36a)
=07 (=6 (1 — 1) 0. X") — 075 (=6 (7 — 73) O- X*) (36b)
—0(7 —75) 007 (X*) + 6 (7 — 73) 076, (X*) (36¢)
(7' 7;) 07 (=0 (1 — 1) 0 X*) (36d)
6 (1= 1) 0- (=6 (1 — 7;) 0-X*)

=6(r—1){(0:6(r— 7)) 0, X" +6(r— ;) (92X")}
(36e)

—6(r—7){(0:6 (1 —73)) O, X" + 6 (1 — 75) (2X*") }
={6(r—7)(0:0(r — 7)) =6 (7 — 1) (0-0 (T — 7))} O- X* (36f)

In eq. (36b) and eq. (36d) we used eq. (35a). We now insert two nutritious factors of one in the form of
integrals over deltas in each term of the last line to get

(07, 01;] XH(1) = /dié(Tk —7){0 (1 — 75) (07,0 (T — 73)) — 6 (T — 73) (Or, 0 (T — 75)) } O X* (37a)
:/di {6 (i — 73) (0,0 (T& — 73)) — 6 (Tk — 73) (07,6 (& — 75)) } (=67, X*) (37b)
/dika O XH (37¢)

where in going from eq. (37b) to eq. (37c) we read off the structure constants as

f;’;j =0(m — 1) (0,6 (T — 7)) — 6 (76 — 75) (07,0 (T8 — 7)) (38)
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2.1 BRST Transformation for the Point Particle

The BRST transformation for the point particle has the form

opXH = iecXH (39a)
ope = iece (39b)
0B =0 (39¢)
opb=€B (39d)
dpc = iedr[ce] (39e)

Let us show how we arrived at eq. (39) from eq. (10) explicitly. For the BRST variation on the X* fields
we have the following

opXH = —is/dnc (1:) 6T X* (40a)
— e / dric (1) {— (7 — 73) 9. X"} (40b)
= iec(1)0. X" (40c)

While for the einbein field, we get

Spe(r) = —ie / dric (7)) 5rse(7) (41a)
— e / dric (1) =0, 6 ( — 75) e(F)]} (41b)
e / dric (1) {076 (7 — 7)] e(7) + 6 (7 — ) [Dre(7)]} (410)
e / dric (1) {[=0,5 (v = 73)] e(r) + 8 (7 — 72) [Bre()]} (41d)
e / dr, e (1) [~05,6 (1 — )] e(r) + ¢ (72) 6 ( — ) [Ore(7)]} (410)
e / a7 ([0 ()8 (7 — 1) e(r) + ¢ (1) 6 (1 — 73) [Ore(r)]} (41
— e {[Brcle + c[ore]} (41g)
— icdh|ce] (41h)

where in eq. (41d) we switched the sign on the derivative acting on the delta by switching the derivative
from 7 to 7; and then in eq. (41f) we used integration by parts to get rid of the total derivative by noticing
that e = e(7) # e(r;). The BSRT variations on the B and b fields are just trivially true. All that’s left is
the BRST variation acting on the c field, this is calculated as follows

dpc = %5/dTidefTTiTjC(Ti) c(75) (42a)
_ % dridr; {8(1 — 1) 8,6 (T — 1) — 8 (1 —13) 8,6 (7 — 1)} e (1) e (1) (42b)

10
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= { [ dmoms - metrie(n) - [ dnonsm - el c(r)} (420)
— e [ dr0mb (7 = ) elr)e () (424)
——ie [ 00,8 (= ) e(r)e (7) (42)
— i / d7,0:.6 (1, — 7;) ¢ (7;) e(7) (426)
— iz [ (1 = 1) () elr) (2g)
— (42h)
— decd (42i)

in eq. (42d) we commuted the c(7;) past the ¢(7) field which bought us a minus sign, then switching the

indices allowed us to move to eq. (42d). In eq. (42f) we switched the derivative on the delta which gave

the additional minus sign, this then allowed us to do integration by parts in eq. (42g), the last sign flip

in eq. (42g) came from commuting the c field with its derivative since both of which are Grassman odd.
We now impose our gauge fixing by choosing e(7) = 1 so that our gauge condition becomes

Fle)=1—¢ (43)

Each of the terms in the BSRT Lagrangian (Zsrsr = -£+.Z6r+.%¢) can now be written down explicitly.
We find the gauge fixed Lagrangian (¢ r) for the point particle to be

D%GF =1BF = iB(e - 1) (44)

while the ghost Lagrangian (%) takes the following form

Zo= [ dnb(n)e(r)oF (n) (452)
- / dmb (r) e(r)o (1 — e () (45b)
- / drib (r1) e(r)0n, [8 (1 — 7)€ (1) (450)
_ / dry [9nb (1)]e(r)3 (1 — 7)€ (1) (45d)
= —bee (45e)
— he (456)

where in eq. (45c) we used eq. (35b) and in eq. (45d) we integrated by parts. Gathering our results, we
get the following for the full BRST Lagrangian.

LprsT =L + ZLor + L (46a)
= % (efl)'(? - em2) +iB(e—1) — ebe (46b)

11
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We can find the B field in terms of the other fields by considering the equations of motion for the e field

_ agBRST agBRST
0= 25 o, (o) e
= ! (6_2X2 — m2) +iB — be (47b)
2
(X2 m? .

Returning to the BRST Lagrangian, we will find it convenient to integrate out the B field in eq. (2) and
absorb it into an overall normalization constant. This is possible since the B field no longer appears
explicitly in the path integral. With this, the BRST Lagrangian can be rewritten as

1. .
.ZBRST:§<X2+m2) —bc (48)

and the BRST transformations become

OpXH = iecXH (49a)
Spb = —ic (;)@ - %m2 + bc) (49b)
dpc = iecé (49¢)

where we have dropped the B field variation as it no longer appears in the path integral, we have also
replaced the B field that appears in eq. (39d) with eq. (47)

Under these transformations, the BRST Lagrangian is invariant as we show here explicitly. The
nilpotency of dp also carries over, we check this here.

2.2 Conserved Charge

In what follows we shall derive the conserved charge (Q ) for the point particle. We will find that Qp
takes the following form

QB = /dTC(T)HBRST(T) (50)

where H prsr is the Hamiltonian associated with the BRST Lagrangian. To see this, we start by finding
the conjugate momenta to the fields. For the X fields we find

0LBRsT
H = ee—
P D0, X,) (51a)
_ O0ZLBRsT
- 0(—i0:X,) (51b)
= ’LL {1 (X2 + m2) — bc} (51c)
o (0x,) 2
= iXF = 9, X" (51d)

12
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where we were careful to distinguish between Euclidean time 7 and Minkowski time ¢ = —i7r. The ¢
field is not dynamical, so its conjugate momentum is zero. For the b field we get

_ 0ZBRsT

Hb — W (523)
_ .0ZBRsT
=55 (52b)
L0 (1 /. .
= Z% {2 (X2 + m2) — bc} (52C)
= —1ic (52d)

again we had to be careful with the Euclidean and Minkowski times. To find the Hamiltonian (with all
the signs correct), it will be easier to work with the Lagrangian .34, ¢, from the action in Minkowski
coordinates. To find Z2% o we first consider SE o, the action in Euclidean coordinates. This just takes
the form .

SErsT = / dr % {0-X"0;X,, +m®} — 0;bc (53)

3

upon the change of variables 7 — it, this becomes

ity 1
SBrsT = /t idt§ {0, X"0, X, +m*} +i0sbe (54)
Now the exponential that would appear in path integrals for Euclidean coordinates is of the form
_SE iy 1 u ) )
e BRST — exp —/ idt 5 {—6tX 8tXM +m } + z@tbc (55&)

t;

ity
= exp |:Z/ dt (; {8tX“6tXM — m2} — Z@tbc>} (55b)

it

The exponential in Minkowski coordinates will take the form ers ngST’ and of course, this must be equal
to the exponential we found for the Euclidean coordinates. So we can read off .ZAk o as

1
Linst = 3 {0 X", X, — m2} — 10,bc (56)

We can now find the Hamiltonian through the Legendre transform of the Lagrangian

HBrsT = Z[@s@]lh — Lhhsr (57a)
= 0, X,p" + OpbIly, — LR hgr (57b)
= 0, X 0, X" + O4b(ic) — % {0, X"9, X" —m?} + i0,be (57¢)
= % {0, X10: X, +m*} (57d)
= ) (57€)

13
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Now the conserved current can be found by making use of the Noether procedure, in particular, we
act the BRST variation on the Lagrangian and make use of the symmetry that the Lagrangian has with
respect to the variation. Still working with the Minkowski coordinates, we perform the following calcu-

lations
oLM 0L
5 gM _ BRST5 ; BRST5 i
BLBRST = " B®i + 3 (0rn) P (Or i) (58a)
a'D‘E’pBRS"T 8"S/ﬁBRST
= D — 0B + (at¢z) O (5B¢1) (58b)
8"glé’VRST (83%ST>:| (a"gBRST )
= -0 o + O, 0B ®: 58¢
2t o Gy ) ower o (G e .
0 on the eq. of motion
— 8°gBRST
- Gy 59
8°gBRST 8$%ST
= X
O (6‘(& )53 + 9 (0,b) ——=22 )b (58¢e)
= 0, (B X"SpX,, + —icdph) (581)
eq. (49b)
= 8t 8tX“ ECatXu —icie [;atXlLatXM + %m2 + z@tbc] (58g)
eq. (49a)
- @ecatXMatXH + §m2 - isatb02> (58h)
3 m? .
= Eat C iatXMatXH + 7 (581)

Now acting the BRST variation on the Lagrangian directly, we find

1 ,
SpLpesr = 3 {65 (0:X"0:X,) — 65 (m?)} — idp (Orbe) (59a)
= 0, X"9,;05X, —i0; (65b) c — i (9;b) dpc (59b)
eq. (49b)
1 2

= 0,X"0, (ecd X)) —idy | ie {atxﬂatxH Ly i@tbc} ¢ — iOb ecdye (59¢)

N—— 2 2 N——

eq. (49a) eq. (49¢)

= EcatX”(“)thu + 63tcatX“8tXﬂscatX“8t2Xu + isafbcc + 1€0p s cc — €D bOsce (59d)
= (2c0, X" 07 X, + 0,0, X" 0, X,,) (59%)
= €8t (c@tX“atXu) (59f)

where in eq. (59d) we used that ¢? = 0 as it is a Grassman variable. Gathering the results from eq. (58)
and eq. (59) we get the following equality

2
6615 (c@tXl‘atXH) = s@t (C {2&)(“3,5)(“ + TT;}) (603)
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2. BRST and the Relativistic Point Particle

1 m?2
— 0=20;<¢c iatX“ﬁtX“ + > (60b)

=0 {cHBrsT} (60c)

Thus we find that our conserved charge (Q) ) is indeed just the integral over all 7 of ¢ times the Hamil-
tonian, as advertised in eq. (50).

2.3 Physical States

For the point particle, we have the ghost fields b and ¢ which will generate a two-state system. Let the
complete set of states in our system be denoted by |k, 1) and |k, ]), these states will have the following

properties
Pk, L) = KR, L) Pk, 1) = KK, 1) (61a)
blk, 1) =0 blk, 1) = |k, 1) (61b)
clk,d) = |k 1) o[k, 1) =0 (61c)

We can see of the ¢ and b fields (which have now been promoted to operators) as raising and lowering
operators respectively. Acting the conserved charge on the |k, |) state we find

Qp |k, ) = cHprst |k, 1) (62a)
= S +m?) |k, 1) (62b)
= L0 el ) (620)
= S (& +m?) [k, 1) (62d)

where we have left the integration over 7 implicit, while acting Q5 on |k, 1) gives

Qg |k, 1) = cHprst |k, 1) (63a)
= 5"+ m?) [k, 1) (63b)
= S +m)elk 1) (630)
=0 (63d)

Recall that the physical states are the states that are annihilated by the conserved charge. We see that
|k, }) will be a physical state if k* + m? = 0, that is if its momentum is on-shell.

While the state |k, 1) is a physical state for all k. But there are two cases to consider here, namely if the
momentum of the state |k, 1) is on-shell or not. If & is on-shell we can safely say that |k, 1) is a physical
state with momentum k, no problem there. But if % is off-shell, things are a little more interesting and
we have to consider the cohomology of Q5. Firstly, we note that since k? + m? # 0, then by eq. (62) we
have that

2
|k, 1) = mQB |k, 1) = QB Ix) (64)
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2. BRST and the Relativistic Point Particle

where |y) = 2|k,]) /(k* + m?). So this implies that |k, 1) is an exact state. Now consider the state |g, |)
defined as

lg, 1) == |k, 1) + @sly) (65)

where |y) is some element of our two-state Hilbert space. By construction, Qg |g,}) = 0 and thus |g, )
is a physical state. By definition |g, |) and |k, 1) are physically equivalent as they form part of the same
equivalence class. But (here’s the interesting part) the momentum of the state |¢, |) is actually on-shell.

0= Qplgd) (662)
= 2@+ m?) o) (66b)
= +m?>=0 (66¢)

So we can conclude that if & is off-shell, then |k, 1) is physically equivalent to the state |g, |) with ¢ being
on-shell.

So in summary, the space of physical states (the cohomology of )5) can be seen as the space of
states such that Q)5 acting on any one of those states is zero and that the states are all on-shell in their
momentum.
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Conclusion

In this project, we explored the BRST formalism and demonstrated an application of the technique by
studying the point particle in the context of string theory.

We showed that the BRST formalism builds upon the Faddeev-Popov method (see section 1), a
method necessary for alleviating the mathematical challenge of over-integrating fields related by gauge
transformations in gauge invariant theories.

The BRST formalism allows for the quantization of a gauge theory in a systematic and well-defined
approach. Beyond this, the formalism also exhibits a symmetry that can be exploited to develop a
powerful mathematical tool. The tool, namely the conserved charge, partitions the Hilbert space of
allowed states in the gauge invariant theory into those which are physical and those which are non-
physical. To understand how the partitioning occurs, it is important to consider the cohomology of the
conserved charge (see section 1.5). In section 2.3, we demonstrated explicitly how the conserved charge
partitions the Hilbert space of allowed states in the context of a relativistic point particle.
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